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Abstract 



We study Hamiltonian dynamics of gradient Kahler-Ricci solitons that arise 
as limits of dilations of singularities of the Ricci flow on compact Kahler man- 
ifolds. Our main result is that the underlying spaces of such gradient solitons 
must be Stein manifolds. Moreover, on all most all energy surfaces of the po- 
tential function / of such a soliton, the Hamiltonian vector field Vf of /, with 
respect to the Kahler form of the gradient soliton metric, admits a periodic or- 
bit. The latter should be of significance in the study of singularities of the Ricci 
flow on compact Kahler manifolds in light of the "little loop lemma" principle 



in || 



1 Introduction 



Let X be a noncompact complex manifold. Consider the Ricci flow 



d_ 

dt : 



—9i] 



-R 



■ij 



(1) 



which evolves a complete Kahler metric gq on X by its Ricci tensor Rq. A solution 
metric gq of Eq.(l) is called a gradient Kahler-Ricci soliton if it moves along Eq.(l) 
under a one-parameter family of biholomorphisms of X generated by a holomorphic 
gradient vector field. Namely, gqit) = cf>*(t)g i j(0), where (f>(t) is a 1-parameter family 
of automorphisms of X generated by some holomorphic gradient vector field. More 
precisely, this means that the Ricci tensor of the metric gq can be expressed as 



R 



fi 



with 



f,ij = o 



(2) 

is equivalent 



for some real- valued function / on X. Note that the condition f^j 
to saying that the gradient vector field V/ is holomorphic. 

Understanding gradient Ricci solitons is very important in the study of Ricci flow, 
since they often arise as limits of dilations of singularities of the Ricci flow. This was 
first observed by the second author QTO | . For example, consider the normalized Ricci 
flow 



d_ 

dt 



-Rfj + 9 



ij 



(3) 
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on a n-dimensional compact Kahler manifold M n with positive first Chern class 
Ci(M). It is known ([]T|, @) that the solution to Eq.(3) exists for all time < t < oo. 
A key problem in the study of asymptotic behavior of solutions to Eq. (3) is to obtain 
a uniform estimate of the evolved curvature tensor. By singularities of the Ricci flow 
(3) we mean solutions to Eq.(3) with unbounded curvature as time t tends to the infin- 
ity. It is conjectured that singularities of Eq.(3) do not occur and solutions to Eq.(3) 
either converges to a Kahler-Einstein metric or a homothetically shrinking gradient 
Kahler- Ricci soliton of Eq.(3), a solution moving along Eq.(3) under a one-parameter 
family of biholomorphisms of X generated by a holomorphic gradient vector field. 



On the other hand, if singularities do occur then, as indicated in |10|, certain limit of 
parabolic dilations, dilating time as distance squared, of the solution metric gfjit) to 
Eq.(3) is a complete solution metric to Eq.(l) on a noncompact complex manifold X 
defined for — oo < t < oo with uniformly bounded curvature. When the holomorphic 
bisectional curvature of the initial metric is positive this limit metric has nonnegative 
holomorphic bisectional curvature where the scalar curvature R assumes its maxi- 
mum in space-time. It is shown in [|J that such a solution metric gq is necessarily 
a gradient Kahler-Ricci soliton. Thus singularities of the Ricci flow (3) are related 
to these special gradient Kahler-Ricci solitons. So far, the only known examples of 
gradient Kahler-Ricci solitons are the rotationally symmetric ones. They are the 
"cigar" soliton on the complex plane found by the second author [|] and its higher 
dimensional analogues on C n found by the first author ||. Not much was known 
about general structures of gradient solitons. In this paper, we explore the structure 
of gradient solitons and the symplectic geometry of periodic orbits of certain spe- 
cial Hamiltonian functions on gradient Kahler-Ricci solitons, which arise as limits of 
dilations of singularities of the Ricci flow (3). Our main result can be stated as follows. 

Theorem 1.1 Let be a complete gradient Kahler-Ricci soliton on a noncompact 
complex manifold X with positive Ricci curvature such that the scalar curvature R 
assumes its maximum in space-time. Let f be the potential function of the soliton as 
defined in Then f is a plurisubharmonic exhaustion function. Hence X must be 
a Stein manifold. Furthermore, near each level surface S c — {/ = c} C X there exists 
a periodic orbit for the Hamiltonian vector field Vf of f with respect to the symplectic 
form uj defined by the Kahler form of gq- 



Our work is motivated by the second author's "little loop lemma" principle (10 



which roughly says that there is no small loop in a big flat region for the solution 
of Ricci flow whenever Hanarck estimates (J7|, @) hold. This turns out to be an 
effective tool to rule out singularities in some cases. Our work is also motivated by 
the examples of the cigar soliton and its higher dimensional versions, where periodic 
orbits of the corresponding Hamiltonian vector fields do exist and have uniformly 
finite length. 

The existence of periodic orbits on a compact energy surface is an old question 
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of the qualitative theory of Hamiltonian systems. We refer the reader to the book of 
Hofer and Zehnder [TT\ for history and recent development on this rich subject. 
The proof of Theorem 1.1 is based on the structure equations of gradient Ricci 



solitons, the symplectic capacity theory of Hofer-Zehnder (see |TTJ), and a result 
of Eliashberg-Gromov ||. One interesting feature is that we use both the Kahler 
form uj and the Ricci form p = ^—Iddf of the soliton metric as symplectic forms 
on X. On one hand, we need to use to as the symplectic form due to geometric 
considerations. On the other hand, the Ricci form p is more naturally adapted to 
symplectic embedding problems. It turns out that X, with the Ricci form p as 
the symplectic form, can be symplectically embedded into M 2n with the standard 
symplectic form. Moreover, based on a result of Eliashberg-Gromov in ||, we are 
able to show that there exists a symplectic embedding of a neighborhood of the level 
surface S c , with symplectic form uj, into the symplectic manifold (X,p). It then 
follows from the capacity theory of Hofer-Zehnder |Tl| that level surface S c has a 
periodic orbits for almost all c > 0. 

Acknowledgement The first author would like to thank Yasha Eliashberg for valu- 
able suggestions and Viktor Ginzburg for helpful discussions. 



2 Gradient Kahler-Ricci solitons 

In this section we discuss various aspects of gradient Kahler-Ricci solitons. First, 
we derive the first order and the second order equations satisfied by gradient Ricci 
solitons. To certain extent, these equations characterize gradient Kahler-Ricci solitons 
(see Uj). Next, we describe the rotatinally symmetric examples, namely, the cigar 
soliton on C and its analogues on C n . 



2.1 Ricci soliton equations 

Let gq be a gradient Kahler-Ricci soliton of Eq.(l) so that it satisfies Eq.(2). From 
the commutation formulas for the covariant derivatives we have 

/,/,, - /,,/, = iW, g . 

On the other hand, taking covariant derivate of the first equation in (Q) and using 
the second equation, we have 



Hence we get 

Taking the trace, we get 



f,ikj f, ij k , k • 

Rfj,k + Rijkqf,q — 0. (4) 

R k + Rufj = 0. (5) 
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Differentiating (|4]) once more we obtain 

■R-i],kT~^~ Ri]kqjf,q RijkqJ ,ql = 0- 

By the second Bianchi identity and ([|) we have 

Rij,kl -^ijkl,qf,q -^ijkq-^ql 0- 

Taking the trace in the above equation, we obtain 

ARfj + RfikiRfc + Rfj^f,k = 0. (6) 

Equations and © are the first order and the second order equations satisfied 
by gradient Kahler-Ricci solitons. They are also related to the (1,1) tensor in the 
Hanarck estimates (see @). 



2.2 Rotationally symmetric examples 

In ||, the second author wrote down the first example of a gradient Ricci soliton, 
called the cigar soliton, on the complex plane C. It has the form 

dS = i i 12 ' ZeC - 

1 + \z\ z 

Its potential function / is given by / = log(l + \z\ 2 ) and its scalar curvature is given 
by ' 

R= YTW 

It is easy to verify that V/ = z. Here V/ denotes the gradient of / with respect 
to the soliton metric ds 2 . So the cigar soliton flows towards the origin by conformal 
dilations and has positive Gaussian curvature. It is asymptotic to a flat cylinder 
at infinity and has maximal scalar curvature 1 at the origin, hence the name cigar 
soliton. 

In ||, the first author studied the existence of rotationally symmetric gradient 
Kahler-Ricci solitons and proved the following 

Proposition 2.1 For n > 1, there exists on C n a complete rotationally symmetric 
gradient Kahler-Ricci soliton of positive sectional curvature. 

Our rotationally symmetric solitons are constructed by considering U(n) -invariant 
Kahler metrics of the form 

g fj = did-j<S>(z } z) } 

with the Kahler potential $(z, z) expressed as 

$(z,z) =u(t), (t = log|^| 2 ). 
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Here u(t) is a smooth function defined on (—00, 00) satisfying the differential inequal- 
ities 



u'{t) > 0, u"{t) > 0, te (-00, 00) (7) 

and as t — ► —00, has an expansion 

u(t) = a + cue* + a 2 e 2t H . (ai > 0) (8) 

Note that the metric <?jj is given by 

gq = didju(t) = e^u'^Sq + e~ 2t ZiZj(u"(t) — u'(t)). 

It is natural to consider 

/(*) = - logdet( ft j) = nt - (n - 1) logu'(t) - logu"(t) 

so that the Ricci tensor of the metric gq is given by Rq = didif(t). 

According to (2), the metric gq will be a gradient Kahler- Ricci soliton with po- 
tential function / if the gradient vector field V = Vf is holomorphic. By a direct 
computation, 

Hence V is holomorphic if and only if /'(£) = au"(t) for some constant a & M. By 
setting = and by appropriate scaling (in metric) and dilation (in z), the 
equation satisfied by a gradient soliton becomes 

0"-y e * = e n *. (9) 

An implicit solution of is given by 

y (_l)«-fc-l_0fc e <^ = e nt + (_l)n-l n ! (10) 

It is easy to check from (10) that the solution <fi = u' satisfies the required asymp- 
totic condition (8) and the differential inequalities (7). Thus it gives rise to a U(n)- 
invariant gradient Kahler-Ricci soliton metric g on C n . Furthermore, the sectional 
curvature of the soliton metric turns out to be positive (see 0). Note that when 
n — 1, we have <fi = log(l + e*) and the soliton metric is nothing but the cigar soliton. 

From (10) or (9), it is also easy to see that 

lim t _1 0(t) = n, lim <p\t) = n 

t — >oo t — >oo 

which in turn imply that the soliton metric g is complete. Let s denote the distance 
function from the origin with respect to g. Then it can be shown that the soliton 
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metric g on C n (n > 2) satisfies the following two properties: (1) The volume of 
the geodesic ball B g (0,s) with respect to the metric g grows like s n ; (2) The scalar 
curvature R of the metric g decays like 1/s. 

Finally, we point out that on this Ricci soliton the sphere S 2n ~ l at radius s looks 
like an S 1 bundle over CP™ -1 where the CP n ~ x has diameter on the order of \fs while 
the S 1 fiber has diameter on the order of 1. This S 1 fiber is nothing but a periodic 
orbit for the Hamiltonian vector field Vf = J'Vf, J being the standard complex 
structure on C n , of /. For the cigar soliton these periodic orbits are simply given 
by parallel circles, whose lengths are bounded by 2irr/\rL + r 2 . Here r denotes the 
Euclidean radii of the circles. 

3 Symplectic capacity theory of Hofer-Zehnder 

In this section, we recall the symplectic capacity function introduced by Hofer and 
Zehnder (see [[Til] ) and the related existence theorem of periodic orbits on energy 
surfaces. The results will be used in the next section to prove Theorem 1.1. 

3.1 Definition of the capacity cq 

Consider the class of all symplectic manifolds (M, uo) possibly with boundary and of 
fixed dimension In. A symplectic capacity is a map (M, uS) — > c(M, iS) which asso- 
ciates with every symplectic manifold (M,ou) a nonnegative number or oo, satisfying 
the following three properties. 

• (1) Monotonicity: c(M,u) < c(N,t) if there exists a symplectic embedding 
0:(iW»^(iV,T). 

• (2) Conformality: c(M, auj) = \a\(M,u) for all a G 1R, a ^ 0. 

• (3) Nontriviality: c(B 1 ,u) = n = (Zi,u Q ) for the open unit Bi and the open 
symplectic cylinder Z\ = {(x, y) G M 2n : x\+y\ < 1} in the standard symplectic 
vector space (M 2n ,uj ). 

It follows from the conformality property and nontriviality property of a sym- 
plectic capacity that for the open ball of radius r > in M 2n , c(B(r)) = irr 2 . In 
particular, the capacity c(K) of every compact subset K in M 2n is finite. 

Hofer and Zehnder ]TI| introduced a distinguished capacity function cq. The ca- 
pacity co(M, uo) measures the minimal C°-oscillation of special Hamiltonian functions 
H : M — > M, needed in order to conclude the existence of a distinguished periodic 
orbit having small period. 

Now let's recall the definition of the capacity Cq. On a symplectic manifold (M, u), 
to a smooth function H : M — > M there belongs a unique Hamiltonian vector field 
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Vh on M denned by 

(iv H u)(x) = lu(V h (x),w) = -dH{x){w), for w G T X {M) 

and x G M. With respect to a given Riemannian metric <, > on M and a compatible 
almost complex structure J, the Hamiltonian vector field is represented by 

V H (x) = JVH(x) G T X M 

where VH is the gradient of H with respect to the metric <, >. A T-periodic solution 
x(t) of the Hamiltonian equation 

x' = V H (x) onM (11) 

is a solution satisfying the boundary conditions x(T) = x(0) for some T > 0. Denote 
by H(Ai,u) the set of smooth functions H on M satisfying the following properties: 

• (a) There is a compact set K C (M \ dM) (depending on H) such that H(x) 
tn[ II). a positive constant, on M \ K. 

• (b) There is an open set U C M (depending on H) on which H = 0. 

• (c) < H(x) < m(H) for all x G M. 

• (d) All the periodic solutions of Eq. (11) on M are either constant or have a 
period T > 1. 



Hofer and Zehnder [IT] defined 

c (iW» = sup{m(H) : // G H(A^,cj)} 

and proved 

Theorem 3.1. The function cq is a symplectic capacity. 



3.2 A existence theorem of periodic orbits 

The flow 0* of a Hamiltonian vector field 

x' = V H (x), x G M 

leaves the level sets of the function H on M invariant. Fixing a value c of this energy 
function which we can assume to be c = 1, suppose that the energy surface 

S={xeM : H(x) = 1} 
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is compact and regular, i.e., dH(x) 7^ 0, for x G S. Then S C M is a smooth and 
compact submanifold of codimension 1 whose tangent is given by 

T X S = G T X M : dH{x)i = 0}. 

By the definition of a Hamiltonian vector field we have Vh{x) G T x S so that Vh is 
a nonvanishing vector field on S whose flow exists for all time since S is compact. 
On the other hand, since S is compact and regular there is an open and bounded 
neighborhood U of S which is filled with compact and regular energy surfaces having 
energy values near c = 1: 

u = |J s x , 

xei 

where I is an open interval around A = 1 and S\ = {x G U : H(x) = A} is diffeomor- 
phic to the given surface S — S\. 

Now we can state a result of Hofer and Zehnder (||11||, P- 106) about the existence 
of periodic orbits. 

Theorem 3.2 Let S be a compact regular energy surface for the Hamiltonian vector 
field Vh on (M,u). Assume there is an open neighborhood U of S having finite 
capacity: Co{U,u) < 00. Then there is a dense subset Sc / such that for A G £ the 
energy surface S\ has a periodic solution ofVn- 

4 The Proof of Theorem 1.1 

Let gq be a complete gradient Kahler-Ricci soliton on X with positive Ricci curva- 
ture such that the scalar curvature R assumes its maximum R ma x = 1 at the point 
O, called the origin of X. Let / be the potential function of the gradient soliton gq 
defined in Eq.(||). 

Lemma 4.1 Let gq be a complete gradient Kahler-Ricci soliton on X . Then we have 

R+\Vf\ 2 = C 
on X , where C is a positive constant. 

Proof: Differentiating R + |V/| 2 and using (2) and (5), we obtain 
(R + \Vf\ 2 )i = R ti + ./•/„ = R ti + fjRQ = 0. 
Hence R + |V/| 2 is a constant. q.e.d. 

Proposition 4.2 The potential function f is a strictly convex exhaustion function on 
X and assumes its minimum at the origin O. As a consequence, X is necessarily a 
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Stein manifold. 



Proof. The argument is basically the same as in ||10| . Since the Ricci curvature 
Rfj is positive, it follows from the first equation in (2) that / is plurisubharmonic. 
Furthermore, the second equation in (2) implies that / is in fact strictly convex on 
X. Thus it remains to show that / is proper, i.e., the set {/ < c} is compact for 
every positive number c > 0, and assumes its minimum at O. From Lemma 4.1 we 
know that 

R+\Vf\ 2 = C (12) 

for some positive constant C. Hence |V/| is smallest at the origin O, since R has 
maximum at O. We claim that C = 1. If not, then C > 1 and |V/| 2 > everywhere. 
Consider a gradient path of / through the origin and parametrized by z % = z l (u) with 
x % at the origin at u = and 

— = ij f'- 
du 3 

Then 

|-|V/| 2 = 2g a g^Rafif3 > 

since Rq > and |V/| 2 > 0. Then |V/| 2 isn't smallest at the origin, a contradiction. 
Therefore C = 1 and hence V/ = at the origin. Note also, from (12), that |V/| 2 
is bounded from above by 1. These facts, together with the fact that / is strictly 
convex, implies that / is least at the origin and that / is proper. Now a theorem of 
Grauert says that X must be a Stein manifold. q.e.d. 



Note that a plurisubharmonic function <p on a Stein manifold M gives rise to a 
positive definite closed real (1,1) form 

ujtf, = V^ldd(f) 

, and hence a symplectic form, on M. 



Lemma 4.3 There exists a symplectic embedding H : {X,p) — > (C n ,u;o), where 
u = J2i dz % A dz % is the standard symplectic form on C n , and p = \/—lddf is 
the Ricci form of the soliton metric gq. 

Proof. We may write p = drj and ujq = drjo, where rj and 7/0 are real 1-forms on X 
and C n respectively. From Darboux's theorem, there exists a symplectic diffeomor- 
phism h : (U,p) — > (Uq,ujq) from a neighborhood U of O G X onto a neighborhood 
Uq of the origin in C n . We denote 
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the push-forward of 77. Then the form i]q — fjo is closed on Uq. Hence f]o — Vo = dip 
for some function ip in a smaller neighborhood Uq C Uq. Extend this function ip, still 
denoted as ip, to entire C™ so that ip = outside Uq. Define the 1-form 

7]Q = r]o- dip. 

Then r]' = r)o outside Uq, rf Q = fjo on Uq and 

dr]Q = dr] = u . 

Let W be the vector field, which is integrable, on C n dual to r]' with respect to uj q . 
Then , by an easy argument, we can obtain a unique extension H : (X, p) — > (C n , u>q) 
of /i : (F _1 (t/o),p) — > (Uq,uq) by following the trajectries of W = V 9/ / and W 
respectively. Here V S/ / denotes the gradient vector field of / with respect the Kahler 
metric defined by the Ricci form p. q.e.d. 

Next we need the following result of Eliashberg-Gromov in ||. 

Proposition 4.4 Let cp and ip be two exhaustion plurisubharmonic functions on a 
Stein manifold M. Then there exists a symplectic diffeomorphism G : (M, u^) — > 
(M,uty). 

Lemma 4.5 For every compact subset K C X , there exists a symplectic embedding 
G:(K,u)^(X,p). 

Proof. For simplicity, we assume that K = {/ < c} for some constant c > 0. 
Consider the compact set K' = {/ < c'} for some c' > c so that K <Z K' . We can 
write the Kahler form uo = y/—ldd(p for some real- valued function <p on X, since is 
a closed (1,1) form and X is simply connected. We may assume <p > on K. Choose 
a convex diffeomorphism h : M — ► iR such that f = ho f is again a plurisubharmonic 
exhaustion function on X, / = / on K, and f\dK' very large. Define 

iP = max(f-c,<p) = {j_ c 2 t * deK > 

Then ^ is another plurisubharmonic exhaustion function on X. By Proposition 4.4, 
there exists a symplectic diffeomorphism G : (X,u^) — > (X, p = w/). But on X 
we have cu^, = \J — \dd<f> = u. Hence the restriction of G to K gives a symplectic 
embedding of (K,u) into (X, p). q.e.d. 

Combining Lemma 4.3 and Lemma 4.5, we obtain 

Proposition 4.6 Under the assumptions of Theorem 1.1, there exists a symplectic 
embedding F : (K, uo) — > (C n , uq) (depending on K) for every compact subset K C X. 
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Proof of Theorem 1.1. It follows from Proposition 4.2 that X is a Stein man- 
ifold. From Proposition 4.6, we know that for every energy value c > we can pick 
a number d > c so that there exists a symplectic embedding F : (K',u>) — > (C n ,uo) 
for the compact subset K' = {f < c'} C X. Since every compact subset of C" has 
finite capacity, the monotonicity property of the capacity function Co implies that K' 
has finite capacity c (K',lu) hence Theorem 3.2 applies. This completes the proof of 
Theorem 1.1. q.e.d. 
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